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Abstract. A long-wavelength model of pofar optical modes caupling the vibration amplitude
1 (the relative displacement vector) and the electrostatic potential ¢ leads to a system of coupled
differential equations. This system is here solved for a qitanium well without approximations
and with simultaneous satisfaction of mechanical and electrostatic matching boundary conditions.
Explicit solutions for-u and ¢ are given, and the resulting eigenmodes for GaAs-based quantum
wells are studied in detail. The model gives modes with a mixed character describing
the coupling between % and . Thus one single model yields confined quasi-longitudinal
{strictly longitudinal for in-plane wavelength vector x = @), confined quasi-transverse (strictly
transverse for k = Q) and interface modes. The dynamical structure, spectral strength and

spatial dependence of the relevamt amplitudes are studied in detail. The results are in good
agreement with available Raman experimental data and have all the basic features present in
microscopic calculations. Some comments are made on the limitations of purely dle[ecmc or
purely mechamcal models.

1. Introductioh

Various -problems of physical interest involving electron—polar-optical-phonon coupling in
quantum wells and superlattices [1-3] require a reliable description of the polar optical
modes in such structures. Lattice dynaniics calculations based on fairly reliable microscopic
models have been reported [4, 5]. Actually, available experimental data pertain to the long-
wavelength [imit and in fact, due to the characteristics of the Frohlich-type interaction, real
electron-phonon scattering—important as a mobility limiting factor—and polaron effects are
also dominated by the long-wavelength limit. Hence, a substantial interest in-obtaining a
reasonable description in terms of a phenomenological long-wavelength—i:e. continuous—
model has originated an abundant literature on the subject. Several theoretical proposals
have been put forward [5-15] which represent w1dely different viewpoints and some have
met with a degree of partial success.

Besides requiring a reasonable agreement thh the results of reliable microscopic
calculations, one should also require (i) theoretical consistency of the model and (if)
satisfactory agreement with the key features of experimental evidence. The theoretical
issue concemns the matching boundary conditions at the interfaces and the field equation on
which the analysis is based. In a problem involving a mechanical vibrational field and an
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electrostatic field, theoretical consistency requires mechanical continuity—i.e. continuity
of vibration amplitudes and ‘forces’ [16] transmitted normally to the interfaces—and
electrostatic continuity—i.e. continuity of the potential and of the normal component of
the electric displacement vector. The most important type of experimental information
comes from Raman scattering data, which provide direct information on the eigenmodes
of the system under study. Data are available for a wide range of superlattices, especially
GaAs related, and they suggest the existence of essentially two types of mode, namely those
with amplitudes mainly concentrated in one of the constituent materials [17-19], which are
usually termed confined modes, and those with amplitudes somewhat tending to concentraie
at the interfaces [20, 21). The character of these modes is inferred somewhat indirectly, as
the Raman scattering data do not give the spatial dependence of the amplitudes. This point
will be discussed later. However, the geometry of the Raman scattering experiment can be
chosen [22] in such a way that modes with different symmetries can be selectively excited.
This provides direct evidence on a key feature of the eigenmodes under study.

It is well known that models of the dielectric type achieve electrostatic continuity but
at the expense of producing mechanical discontinuity. Moreover, the symmetry pattern
is in contradiction with experimental evidence. On the cother hand, models of a rather
more ‘hydrodynamic’ type or similar achieve mechanical continuity and predict the correct
symmetry pattern, but they yield a discontinuous electrostatic potential. Sometimes [5, 15]
this is remedied by imposing artificially forced ad hoc matching conditions and in any case
assuming a vibrational field which is purely longitudinal. The latter is actually an unjustified
approximation, as the matching at the interface in general always mixes longitudinal and
transverse polarizations [14, 23, 24]. The only case in which this decoupling is strictly
correct is when x =~ Q.

A theoretical formulation which meets all requirements was discussed in [16] and it
was shown that there is no incompatibility in achieving mechanical and electrical continuity
simultaneously provided that (i) one keeps the vibrational field « quite general, as the sum of
a longitudinal field u (V Awy = 0) and a transverse field ur(V - ur = 0) and (ii) one takes
full account of the coupling between the mechanical field % and the electrostatic potential
@. The purpose of the present paper is to solve fully the system of coupled differential
equations derived in [16] and to give and discuss the explicit solutions for % and ¢.

Section 2 summarizes the theoretical model and presents the method employed for
solving the differential system, as well as the fitting procedure for the inpui parameters
used in the calculations. Some selected results are presented in section 3 for a GaAs-based
quantum well and final comments are made in section 4.

2. Theoretical and practical aspecis of the model

Let us consider a medium where w(r, t) is the relative displace:ﬁent and @(r,t) is the
scalar potential associated with the electric field E = —W¢. In the long wavelength

phenomenological model we have a mechanical equation of motion for % which is of the
form

pl0? =X )u+V -1 —aVep=0 a? = whoplen — ee)/dm. (1)

The harmonic oscillator part is contained in the first term. The second term has the nature
of a dispersive mechanical term and for an isotropic medium is of the form

Ty = —p(BE — 2808V - u — pBE(Viu; + V;u;) (2)



Long-wavelength pé!ar optical modes in GaAs S 5391

where V; = 8/3x; and B, and Br are adjustable parameters. The sign of (2) is opposite to
the usual one for acoustic waves on account of the negative dispersion of the optical modes.
- Crystalline anisotropy can be equally included but here we shall discuss the isotropic case
[25]. The th1rd term measures the effect of the couphng between the u and ¢ ﬁelds
_ onthe equation of motion for u—a factor p is missing in [16] in the definition of o?.
Simultaneously we have a Poisson equation for ¢ which reads [16] '

Vg '4erV 7 = /€0o: ' i : o _ (3,
~ The physwal meaning of this is that ¢ is created by the polanzat:on charge pp =¥V.Pof
the polanzatlon field given by: _ : .

P=ou+ (e — 1)/4R)E = au — [(ex — 1) /4] Vp. S ' (45

The tefm on the RS of (3) measures the effect of the coupling between the @ and  fields
on the field equation for ¢. Of course we are working in the- qua.s1-stat1c limit (¢ — oo)
which is fully Justlﬁed for the situation ‘under study. B

The situation is similar to-that of the theory of piezoelectric waves, as indeed was
originally stressed by Bom and Huang [26] and the only general way to obtain a correct
solution is to solve the simultaneous set of four coupled differential equations. For an
isotropic bulk homogeneous medium it is possible to obtain independent equations for wy, -
~ and wur and this yields at once decoupled long;tud.mal and transverse modes with dispersion

- relations

of =olo— BE  wi=wio— Bk N &

where k is the 3D wavevector and o, = w¥,(60/€x). However, our concern is to study

the matching’ of different media at an interface and then to apply this to-the study of a

-quanium well stracture, For layered structures (1) and (3) should be solved w1thm each
layer and the solutions appropriately matched at the interfaces.

Let us first discuss one interface which we take as the plane z = 0. We first Founcr

transform in the 2D plane of the mterface so that the a;—dependent vibration amphtudes are

'of the form :

wp.d =expls-puy . ©

where K, p are 2D vectors (wavevector and posmon) reSpectlvely -

~ We proceed likewise for ¢ and concentrate on wu(z) and ¢(z). These are (@, K)-
- dependent quantities for which, after 20 Fourfer transform, we have (w, &)-dependent
differential equations in the mdependent variable z. We stress that in general 7 consists of
uy and wy..

" The matching boundary condmons were obtamed in [16] and [25} and they are, in the
variable z,

u;(+0) =u;(=0) . 90(+0) = 40(—-0) : rz;'(+0) = 7;;(—0)

z==20 - ey dy/dz = 4rau, = continzous, {7
On evaluating these exp’r'essions at z = 10 we must account for the different values of
- PL. Br. €xo and ¢ on both sides of the interface.
We have four amplitudes {u,, uy, 4., ¢), four coupled second order linear differential

equations and eight matching boundary conditions. As in the study of piezoelectric surface
or interface waves [27] it proves convenient to define a tetrafield

EN R
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which has mechanical and electrical components and to condense the system (1), (3) in the
form

L-F=0 . : ©

where L is a 4x4 differential matrix which can be readily written down explicitly. Upon
2D Fourier transformation I depends on & (w-dependence understood everywhere) and
contains the differential operator d/dz. A convenient technique for solving this problem is
the surface Green function matching (SGEM) method [24].

For each bulk constituent medium cne studies the compact differential system (9) and
defines the corresponding bulk Green function G. After 2D Fourier transformation we have,
for given w,

Lk, 2)Gk; 2 —2) = Igd(z — £) . (10}

where I is the 4x4 unit matrix which, as in the study of piezoelectric interface waves
[24, 27] consists of a 3x3 ‘mechanical unit’ matrix Ty and of the ‘electrical unit® fg. Thus

1 0 0 0
|l Im O 0 1 0 0
Te= ‘ 0 I 0o 0o 1 ol G0
0 0 0 1
After full 3p Fourier transformation we have
L(%, ks) - G, k) = I ' (12)

The problem is then one of ordinary matrix algebra. Inversion of the matrix L(x, ;) yields
the matrix G(s, k). It can then be used for the SGFM calculation where the matching
boundary conditions (7) are expressed in terms of the corresponding Green function matrix
elements and derivatives thereof [24].

_ For the isotropic case we can c¢hoose k = (0, k) in the y-direction without loss of
generality. We then find

Lo=Liz=Lu=Ly=Ly=Ly=0 (13)
50 the element

Ly, k) = p(e® — o) + pB2(? + D) (19

factorizes out of the full L{xk, ;) matrix, leaving us with the inversion of a 3 x 3 matrix
of elements

L = p(@® — wlp) + pBHe® + &7} + p(BE — BRI

L = p(w® — who) + pBHK> + K2 + p(BE — BK?

Ly = Ly = +p (B} ~ Rk,

L24 - —(500/4JI')L42 = —igk

L3s = —(€po/Am) Loz = —iatk,

Lt = +(c + ). (15)
Thus we have one transverse vibrational amplitude u.(z)exp(ixy), propagating in the

y-direction, uncoupled to the rest—this will be discussed later—and two amplitudes
uy(z) exp(icy) and u.(z) exp(icy) plus the electrostatic ‘amplitude” p(z) exp(ixy), all three
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coupled. The wave consists of both the mechanical and the electrostatic excitations
-mutually coupled.- A full normal mode calculation yields the full three amplitudes
(F2, F3, F1) = (Uy, 4z, ¢) and, having obtained this, we can then study the mechanical
(w) and electrostatic () amplitudes. separately. In general the solutions of the 3 x 3
problem describe a mechanical wave w» which is sagittal and has a longitudinal part u;,
* and a transverse part %y. The electrostatic potential ¢ and % are coupled by the matching
boundary conditions to wr, thus an electrical vibration ¢ dnves the full mechanical vibration
w and vice versa.

Theé SGFM analysis ylelds the full Green function & of the matched system in terms
of the bulk Green functions G, of the constituent media (¢ = 1, 2). From the full Green
function G, we can obtain the dispersion' relations w(r) and all spectral functions of
interest, such as the local density of states LDOS, One way to obtain the eigenvalues w(x)
is to calculate the roots of the matching secular determinant, which can be written down
from the projection of the matched G| at the interface. For given & this yields a set of
eigenvalues which, by varying x, give the desired dispersion relations @ (x) for the normal
modes. An alternative procedure is to calculate from & the s-resolved local density
of states Ny(w, x,2) for any convenient value of z, for instance at the interface. The
eigenvalues w(x) are then the frequencies at which the peaks in the density of states appear
and the dispersion relations are obtained by varying &. In practice this procedure has often-
proved more convenient than looking for roots of the secular determinant [28] and we have
found this also to be the case in the present calculation. This has the additional advantage
that one obtains in the process the mode density, which is often itself an object of interest.

The above analysis is extended to the simultaneous matching at two coupled interfaces
at finite distance. For instarice, in a quantum well with two interfaces which we can label
" 1 (left) and r (right), the central object is the supermatrix '

G(LD G
Gi(r.1) Gir,D

- which contains the local projections at the two interfaces and the cross terms which embody
the coupling of these. The physical quantities of interest ¢an then be obtained from G5 [24].
The algebra for the present calculations was carried out by means of MATHEMATICA [29],
with which closed-form expressions are obtained for the elements of (16).

‘Since we have studied Al,Ga_rAs-GaAs systems, some words about the fitting
procedure employed o estimate the -input parameters are in order. The mass density and
the background dielectric constants were obtained from a linear interpolation of the values
for the pure materials—AlAs and GaAs—according to the formulae [30]:

p(x) =536—1.60x (c.gs)

€olx) =13.18-3.12x (e.s.n) .

€o(x) = 10.89 =273 x (esin), - {17)
However, this type of interpolation would not work for wro, wro, B and Br. It has
been strongly argued on the basis of experimental evidence {31] that the temary compound
Al Gay_;,As can be described in the two-mode model. 'We shall adopt this viewpoint and
comment later on it. It then follows that if we study the matching to GaAs we must assign to
the temnary alloy the values of the frequencies for the LO and TO modes found experimentally
for the GaAs-like modes ] in this ailoy {31}

010.Gans¥) = 292.37 = 52.83 x + 14.44 12

00 Caas(x) = 26850 -5.16 x — 9.36x%. . (18)

G, = (16)




5394 R Pérez-Alvarez et al

Here and henceforth  is always given in cm™'. :

The pi, and fr parameters are not usually reported in the literature and they are not
known for the different types of mode in alloys. We have estimated their values for the
_pure materials (x = 0, x = 1) from the experimental curves of [31].

We have also made the following assumption: for very low (high) concentrations of
Al, that is for x =~ 0(x =~ 1), we take dispersion laws with g = O for the AlAs(GaAs)-like
modes. This assumption relies on the fact that for these situations the atoms in question are
isolated and their phonon branches must be flat. For a given concentration x, we perform
a linear interpolation between the values for x = 0 and x = 1. With w in em™, B is
dimensionless and we obtain

BE Gaas(®) =291 (1 —x) 10712 B% Gans@) =3.12 (1 — x) 1072 (19)

This interpolation is admittedly gratuitous., In fact we tested that the values of these
parameters are altogether rather unimportant. '

o0+

2%0

LDOSEarb. units)
w frm=1

115110 00 .0 | S I

260 273 280 290 300 1 S 5 6 7 8 9 10
wieml K (125 en-1)

Figure 1. LDOS at the interfaces of the quantum well Figure 2. Dispersion relations for the eigenmodes
described in the text. LDOS in arbitrary units, ¥ = {, obtained by starting from the eigenvalues (in em™!) of
e in cm~', All subsequent figures pertain to the same  figure 1 and varying & (in 10° cm=1), Note the splitting
well, of the degeneracy of the modes m = 6 and 7 forw #£ Q.

These two modes merge in one single peak in figure 1,

3. Results

In [18] a GaAs well of width 4 = 20 A with AlyoGap 1 As outside has been siudied
experimentally. We shall concentrate mainly on this well and characterize fully all the
relevant physical features of the results. Figure 1 shows the (LDOS) at the 1 or r interface,
covering the range from wi o(GaAs) down to below wro(GaAs) for £ = 0. The actual
calculations have in fact been performed for ¥ = 10~ cm™! for simple reasons of
computational convenience, but for all practical purposes this can be taken as & = 0 and
it will be henceforth indicated as such. A small imaginary part was added to w, so é-
functions become in practice the peaks shown in the figure, By repeating the calculation
for different values of x we obtain the dispersion relations shown in figure 2. 'We label the
different eigenmodes by a discrete label m = 1,2,.... We ascribe m = 1 to the highest
mode, s0 m grows on decreasing frequency. For the first few values of m, in the range
close 0 w o(GaAs), the eigenvalues do not differ significantly from those obtained for the
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rigid—Barfier model {8] from the formula _
' @l = wlg — Bilm*n?jd>. ' (20)
~ This will be commented on later. ' - :
There is also a-continuum for much lower frequencies (cu < 255 cm™!) but this is }ust
an artifact of the model in which a quadratic dispersion law gives a constantly decreasing

- frequency with no cut-off. These frequencies are outside the range of physical interest. The
artificial DOs for these low frequencies does not affect the results in the range of physical
interest.

We note that the modes m = 6 and 7 are degenerate when # is strictly zero, but this is -
resolved even for very small values of k. We have concentrated mainly on the range of «
from zero to values of the order of 107 cm™!, which represents a very small fraction of the
Brillouin zone and yet spans the range of physical interest. We stress that the labelling of
the eigenmodes by increasing m on decreasing frequency holds for all «, either before or
after the crossovers seen in the figure.

S Uy o L
BT ' SN

-10 10

Figure 3. Spatial dependence of the mechanical (u,: LHS) and electrical (p: RHS) amplitudes
for ¥ = 0, modes #-== 1. 2. 3. The mode number is indicated in brackets and the abscissa z is
in A,

‘Firstly figure 3 gives the non-vanishing amplitudes as a function of z, for « = 0, for
the first three modes (m == 1,2, 3). It was noted above that the amplitude 1, factorizes
out. The calculation evaluates u,—which tums out 1o vanish—and the mechanical (u,) and
electrical (@) amplitudes, shown in the figure. Note that with the geometry here chosen the
curl of © has the only non-vanishing component

(V AWy =iku, —duyfdz. S @
‘while , - | .
' V- = icuy + du./dz. o (22)

W:th uy = (), which is the case in figure 3, only the ﬁrst term on the RHS of (21) survives
and this vanishes for ¥ = 0, while V - u 3¢ 0 always. Thus these modes are longitudinal,
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but this is strictly so only for £ = 0. Modes 4 and 5 follow the same pattern and need not
be discussed.

The results shown in figure 3 are given in arbitrary uanits, so some words are in order
concemning the normalization convention used here. This has been chosen so that the value
of u, at one of the interfaces—which we always take to be the r interface—is equal to unity
for each mode, thus the amptlitudes for the different modes are plotted with different scales.
This is done to facilitate the visualization of the key features of the amplitudes displayed
in the figure. In these units ¢, (r) =4 x 1077, 2{0) = =3 x 1075 and ¢3(r) = 3 x 1078,
To put it more intuitively, when u,(r) = 0,01 A for m = 1, then ep(r) = 280 meV,
while for m = 2 e@(0) ~ 210 meV when . (r) = 0.01 A, in line with the predominantly
electrical character of mode m = 1, as will be discussed presently. The latter results for the
frequency eigenvalues are in good agreement with experimental data [18]. There is a smail
systematic difference in the absolute values, which could be easily accounted for by a small
inaccuracy in the determination of the well width. The symmetry pattern—for instance the
parity of the electrostatic potential—follows the sequence odd (m = l)feven (m = 2)/odd
{m = 3)/... and the values of ¢ outside the well vanish for the even modes and are
nonvanishing constants for the odd ones. These facts are in agreement with experimental
evidence [18], as well as with the results of microscopic calculations [4, 5] and even with
those obtained from a rigid-barrier model [8].

We also note that the vibration amplitude , in figure 3 does not vanish at the interfaces,
where its magnitude is actually quite significant, again in agreement with microscopic
calculations [4, 5]. Qutside the interfaces u, decreases very fast, typically over a distance
of a few A, and then vanishes. This is interestingly related to the nature of the model and
bears out the fact that it is not only the matching boundary conditions that matter, but also
the mathematical structure of the differential operator. By keeping both fields (» and ¢) in
the 4 x 4 differential system, the differential operator—for given w, « and as a function of
k;~—has the two types of pole, namely (a) those of an electrical nature, at &, = Lix, and
(b) those of a mechanical nature, at k; = Q¢ and &k, = £ Q@1 , where

Our = {2+ [0 — 0¥ 0] /B2 1] 23)

The former give spatially dependent amplitudes that go as exp{—«|[z|}, which do not decay
for ¥ = 0, while the latter give outside the well a spatial decay going as exp {—QL,ﬂzl},
if z is measured from the interface one studies. The fast decay of «, outside the interfaces
seen in figure 3 is due to this and has a decay length of the order of 1/ QL, since the modes
are purely longitudinal.

Let us discuss the crossover of modes 1 and 2 in figure 2. For « < «, (the crossover
value of ) the first mode is the more dispersive, while for & > & the more dispersive branch
has become the mode m = 2. The clearest way to characterize these modes is to separate
out from the LDOS the spectral strengths corresponding 1o the electrical and mechanical
excitations. In the present calculation this is done by separating out the contribution of
the fourth diagonal element of the Green function Gi. Figure 4 presents the electrical and
mechanical spectral strengths for the first two modes in the neighbourhood of x.. Figures
4(a) and -4(b) are given for k < & while 4(c) and 4(d) correspond to ¥ > .. It can be
seen from figure 4 that the first mode for low values of « is mainly due to the electrical
poie, while the second mode is mostly mechasical in origin, nevertheless both have a mixed
character. In contrast, for & > &, the first mode is mostly mechanical—figure 4(d)—while
the second mode is mostly electrical—figure 4(c).

The changes in the character of the modes can be further seen by comparing figures 3
and 5. The latter shows i, and ¢ as function of z for m = 1,2, 3, when « > k.. There
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Figure 4. Electrical {a, ¢} and mechanical (b, d) spectral strengths for the upper and lower
modes in the immediate neighbourhood of the crossover between modes m = 1l and m = 2,
= 1.1 x 10% ecm™! for {a, &) a.nd x = 1.4 % 10% ¢m~! for (¢, d). Spectral strengths are in
arbitrary units and w in cm =1,

Uz

o ‘ m
l

I

(3} ; {3)

- =10 1‘0 ’ -10 VU
Figure 5. As figure 3, for ¥ = 2 x 10° cm™!, with z extending up to 60 A.

is.a small |uy| < ju;| which is not displayed. Explicit evaluation shows that |[V-A u| is
still much smaller than |V - u|, so these modes are still in practice quasi-longitudinal for
this low value of x. The amplitudes are shown again in different scales, so that the key
features can be visualized. The comments and conventions made in connection with figure
3 also apply here. In particular, u,(r) is always equal to unity and then, in these units,
@10} = —2.6 x 1075, @2(r) = 7.6 x 1075 and ¢s(r) = 6.0 x 1075,
The information in figures 3, 4 and 5 shows how the parity of ¢ and the predommancc
" of electrical or mechanical character are interchanged at £ = «.. If E/0 denotes evenfodd
z-dependence, then the parity sequence for ¢; to gs is O, E, O, E, O when x < k and it
changes to E, 0, O, E, O when « > «.. This range appears to be experimentally inaccessible to
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Raman scattering, but the analysis suggests that a éareful descrption of the mixed character
of the normal modes of the 4x4 differential system is necessary in order to have a firm
theoretical basis for the study of the electron—phonon coupling when not so small values

of k are involved, as may be the case with mobility calculations. The point is that the
electronic wavefunctions in a symmetric quantum well have definite parities.

PR
/N /]J i ﬁ
MEL T
@ ' AN

-1 10 -0 1

Figure 6. This figure describes the nature of the mode having predominant electrical character
before and after the crossover of branches 5 and 6 of figure 2. The mechanical and electrical
amplitudes on the left are for ¥ = 10 cm™! and correspond to the mode m = 6, while on the
right they are for x = 2 x 105 cm™ and comespond to the mode m = 5. Note the different
scales for z which ranges between 15 A on the left and 60 A on the right.

Now, it can be seen from figure 2 that there are two very dispersive modes. The
mode m = 6 (starting from « = ) originates the second crossover with mode m = 5
for low «. The system of eigenmode branches presents two modes (for every ) which
have predominantly electrical character. These are m =.1 and m = 6 for ¥ < k., while
for £ > k. they correspond to m = 2 and m = 6. In the case of modes 5 and & the
electrical and mechanical spectral strengths are also transferred in the manner of figure
4. Figure 6 shows the spatial dependence of u,,u; and ¢ for « before (m = 6) and
after (m = 5) the crossover, that is, following on the predominantly electrical mode. We
find that u,(z) and @(z} are even while u;(z) is odd in both cases. With the same units,
conventions—u.{r) = 1 always--and different scales as employed for figures 3 and 5,
uy(r) = —1.3 x 107* for m = 6 and u,(r) = 6.7 x 10~ for m = 5, while p(r) = 65.5 for
m=6and ¢(r) =13 x 10~ for m = 3.

These results characterize the different eigenmodes by direct evaluation of several well
defined physical features, avoiding the question of the names sometimes assigned to them, an
issue which is far less significant and which often leads to semantic confusion. For instance,
if we consider the two very dispersive modes we note that (i) the predominantly electrical
character stays with them—meaning that we start with m = 1 or 6 and then follow with
m = 2 or 5—and (ii) the electrostatic potential has a tendency to accumulate amplitude
around the interfaces, and then decays exponentially outside the well. In figure 6, for
instance, this is more visible in mode m = 5 because of the larger value of x. Qualitatively
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speaking mode 6 behaves in the same manner, but a small amplitude oscillation inside the

" well is not appreciable on the scale of the figure, and also the exponential decay is very
slow for very small x. Thus the modes having predominantly electrical character can be
identified with the interface modes. The same calculation for just one interface yields only
one such mode. When the symmetric quantum well is formed the two degenerate modes
corresponding to the two interfaces split into the two interface modes of opposite parities.
The consequence of the symmetry of the system is that each amplitude by itself has a
definite parity. The vibration amplitude u, is decoupléd from the other amplitudes, and u;,
uy and @ are related. The functions u#,(z) and ¢(z) always have opposite parity to that of
uy{(z) (see figures 3, 5 and 6). We can compare the parities of different modes by refemng
only to the parity of one of the amplitudes, for which we choose @(z).

Now, if the modes were all purely longitudinal, then the first one would s:mply cross the
second one, which has opposite parity, without mixing, while it would mix strongly with
the third one which has again the same parity; the repulsion between the corresponding
dispersion branches is clearly seen in figure 2. For « = 0 the longitudinal and transverse
parts are in principle coupled, and mode mixing takes place between modes 1 and 2 on

_-one hand and 5 and 6 on the othier hand. In the case of k¥ =2 & a strong mixing of the
longitudinal and transverse polarizations for m = 5 and m = 6 takes place, where the terms
IV A ul and [V - 4| are comparable. At x = 0 mode 5 is tota.liy longitudinal and mode 6
is totally transverse.
The modes.m = 7, 8,9, 10 are stnctly transverse and purely mechamcal for all k, as
~ they have only the amplitude u,. The parity sequence of u.(z) for these modes is E, O,
. E,..., with very similar features and interpretation in terms of Ot instead of QL (23).

4. Final comments

The main point of [16] was that a correct formulation of the phenomenological model for

_long wavelength polar optical phonons meets without contradiction all matching boundary
conditions. For this it is essential to take proper account of the coupling between the ©
and ¢ fields. This paper bears this out by explicit solution of the 4 x 4 differential system
. which is required for a proper treatment of the two coupled fields. -

. The resulting waves, in the range of quasi-longitudinal modes, have therefore mixed
nature and . we have characterized this by evaluating the electrical and mechanical
contributions to the total spectral strength. This bears out the transfer of character at

" the crossovers. The modes in this range are, as we have seen, quasi-longitudinal, but it is
essential for a correct treatment of the problem to treat formally the full vector v as having
longitudinal and transverse parts. This is particularly important in the range where mode
5, the lowest of the quasi-longitudinal modes, soon mixes very strongly thh the initially
iransverse mode 6. 7 _

The model aiso gives the shear horizontal modes below the transverse threshold.

Furthermore, there are two very dispersive modes of predominantly electrical
character—figure 2, modes m = 1,6 for ¥ = O0—which cut across the others, originating
crossovers with corresponding mode mixing. By studying the spatial dependence of ¢(z)
we ¢an identify at all « the two modes, which are usually termed interface modes, for which

‘the label m changes as « increases and the corresponding crossovers take place.

Thus we have obtained a satisfactory theoretical basis for the study of electrori-phonon
interaction in quantum wells in terms of a comparatively simple phenomenological model.
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